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Abstract
Time-variant reliability analysis for single failure mode has advanced considerably and now
exhibits great potential. However, in practical engineering applications, structures and systems
generally invoke multiple failure modes. This poses a lasting challenge for current reliability
analysis and simultaneously entails very high, if not intractable, computational cost. Therefore,
developing an accurate time-variant system reliability model that accounts for multiple failure
modes and its commensurate solution strategy is imperative. To this objective, this study
develops an innovative method to assess time-variant system reliability by utilizing the Kriging
model. First, multiple failure modes are decomposed into separate time-variant reliability
assessments, each addressing a single failure mode. Inspired by the discretization of stochastic
processes, each time-variant function in the structural system is assumed to be a set of
time-invariant reliability problems. Subsequently, for each time-invariant reliability issue, the
most probable point (MPP) is determined and the performance function is linearized and
expanded accordingly. On this basis, the Kriging model of the MPP at discrete time is
constructed. To enhance the model’s precision, an active learning technique is employed for
ongoing model updates. Finally, the reliability index and failure probability are determined by
solving time-invariant system reliability models. The proposed method

′

s applicability and
effectiveness are demonstrated through exemplifications of variable systems.

Keywords: time-variant reliability analysis, multiple failure modes, Kriging model,
active learning, MPP trajectory approximation
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Nomenclature

a The order units in series system.
b The order units in parallel system.
Bi,j The reliable events of functional units.
Cαj The correlation coefficient matrix of αj.
E The reliability event.
FQi,j

(·) The distribution function of Qi,j.
g(·) The performance function of the structure.
ĝ(·) The prediction of the Kriging model.
⌣
g j (·) The performance function under variables V

and Qj.
G ′ (·) The partial derivatives of performance function

at the MPP.
⌣

Gi (·) The performance function ⌣
g j (·) in standard

normal space.
Gi,k (·) The performance function of the parallel system.
Gj,k (·) The performance function of the series system.
Gi,j,k (·) The performance function of the mixed system.
p The number of time interval∆t.
Ps (·) The failure probability of the structure.
Qi,j The transition variable.
R(·, ·) The correlation coefficient of two sample.
t∗ The point added to the training set through the

U function.
tk The kth discrete time point.
U Random variable in the standard normal space.
U ′

k The mean of random variable of the kth
performance function.

U ′ ′
i,j,k The random variable of the MPP of

Gi,j,k (V,Uk, tk).
V Stochastic processes in standard normal space.
V ′ The mean of the stochastic process.
V ′ ′
i,j,k The stochastic process of the MPP of

Gi,j,k (V,Uk, tk).
X The random variable.
Y The stochastic process.
Zj The variable consisting of V and Qj.

Z ′∗
i The MPP of performance function

⌣

Gi (Z ′
i).

Z(i,j)
MPP(tk)

The MPP of the performance function
Gi,j,k at tk.

Ẑ
(i,j,k)
MPP (·) Prediction of the MPP at tk through the Kriging

model.
αj The transition variable.
βr The reliability index.
µαj

The mean of αj.
v+ (·) The crossing rate.
ρX The correlation coefficient matrix of the random

variable X.
ρY The correlation coefficient matrix of the

stochastic process Y.
σ̂2
ĝ(X) The prediction variance of the Kriging model.

σ̂
Ẑ(i,j,k)
MPP

(·) Predicted variance of the MPP at tk through the
Kriging model.

Cov(·, ·) The covariance matrix between different failure
modes.

1. Introduction

In practical engineering applications, system reliability, due
to the impact of random dynamic loads, material degrada-
tion, and other time-variant factors [1], inevitably changes
over time instead of staying constant. Therefore, conducting
a time-variant reliability analysis throughout the entire life-
time of a structure/system is of paramount importance [1].
However, accounting for this variability significantly increases
both the complexity and computational cost of the analysis.
This is due to the stochastic variation of system parameters
over time, the intricacy in dynamic behaviors, and the pre-
requisite for high accuracy in probabilistic calculations [2, 3].
To enhance computational efficiency, numerous time-variant
reliability analysis methods have been proposed. These meth-
ods can basically be categorized into three types [4]: (1)
outcrossing rate-based methods, which calculate time-variant
reliability based on a diplomatic rate of structural perform-
ance; (2) composite limit state methods, which transform the
time-variant reliability analysis into time-independent ana-
lysis by discretizing both the time intervals and stochastic pro-
cesses; and (3) surrogate model-based methods, which con-
struct surrogate models to approximate actual performance
function.

The outcrossing method [5] is widely used to tackle time-
variant reliability problems. To start with, the outcrossing
method calculates the outcrossing of the structural perform-
ance function at each specific time instant. Assumptions,
such as the Poisson process hypothesis [6], the Markov pro-
cess hypothesis [7] or their enhanced models [8], are usually
made to convert the outcrossing data into reliability estim-
ates. Specifically, Rice [9, 10] investigated the crossover beha-
vior between time-variant responses and their permissible
limits, introducing the well-known Rice formula. This work
lays the groundwork for the notion of first crossover failure.
Engelund et al [11] introduced an approximation via high-
order threshold crossing for the first crossing time of differen-
tiable processes. Schall et al [12] and Rackwitz [13] employed
this method to address dynamic loads in time-variant issues.
Zhang and Du [14] further applied this model to structural reli-
ability mechanism analysis. Andrieu-Renaud et al [5] intro-
duced the PHI2 method in combination with the first-order
reliability method (FORM) [15] to analyze the crossover rate.
This approach streamlined the assessment of time-variant reli-
ability and enhanced computational efficiency. Sudret [16]
advanced the PHI2 method into the PHI2+ approach, which
exhibited improved stability compared to its original version.
Singh et al [17, 18] applied the importance sampling tech-
nique to compute the span rate in time-variant reliability ana-
lysis, which effectively tackled minor failure probability prob-
lems. Hu et al [19] converted the performance function into a
Gaussian process and applied the Rice formula to compute the
failure probability at various time instants.
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Unlike the outcrossing rate-based method, the compos-
ite limit state method first discretizes the time-variant per-
formance function into a series of time-independent perform-
ance functions. These time-invariant performance functions
are then assessed using classical reliability analysis tech-
niques, and the time-variant reliability is derived by analyzing
their interdependencies. Jiang et al [20, 21] proposed a time-
variant reliability analysis method based on stochastic process
discretization (TRPD), followed by an improved version of
the TRPD method that further simplified the solution process
compared to the original approach. However, as the number
of discrete stochastic processes and time intervals increase,
the computational cost steps up exponentially [22]. In recent
years, surrogate model-based methods have gained signific-
ant attention due to their potential to significantly enhance
the computational efficiency and accuracy of time-variant reli-
ability analysis [23]. By considering the correlation between
time trajectories, Song et al [24] proposed an estimation vari-
ance reduction-guided adaptive Kriging method. Wu et al
[25] proposed a parallel EGO method to add multiple can-
didate samples to the Kriging model at each iteration. Ji et al
[26] applied adaptive downscaling and agent-based model-
ing to time-variant reliability analysis, effectively addressing
the challenge of systems with high-dimensional inputs. Song
et al [27] proposed a dimension reduction-based Kriging mod-
eling method for high-dimensional time-variant uncertainty
propagation and global sensitivity analysis. For time-variant
reliability with small failure probability, Guo et al [28] presen-
ted a novel method for small failure probability based on point
evolution kernel density and adaptive subset simulation that
effectively improves computational efficiency.

Time-variant reliability problems, which often invoke mul-
tiple failure modes, have witnessed significant advancements
due to the development of the outcrossing rate and its enhanced
variants. However, in practical engineering applications, struc-
tures/systems are generally susceptible to complex system
reliability issues. The complexity stems from time-variant
parameters of stiffness, strength, vibration frequency, and vari-
ous failure modes. Despite the outperformance of outcrossing
methods in reliability analysis, their practical application in
system-level reliability assessment remains elusive [1]. Hagen
and Tvedt [29] introduced a time-variant system reliability
method based on the crossover rate, focusing on boundary
reduction in system response through binary response combin-
ations. Dey andMahadevan [30] proposed an adaptive import-
ance sampling method to estimate structural system reliabil-
ity subject to dynamic loads and drag. Son and Savage [31]
developed a design-phase analysis approach for assessing a
multi-time-variant response system reliability, attending to the
degradation of structural components. Burgazzi [32] intro-
duced a method to address the challenges imposed by sys-
tems that undergo non-stationary stochastic processes during
operation. Gupta et al [33] proposed a time-variant reliability
analysis method, which was applied to assess the reliability of
series systems with lognormal vector responses. Despite pro-
gress in the study of time-variant system reliability, a number
of technical challenges remain to hinder practical engineer-
ing applications. Existing methods are still limited to specific

cases, such as series or parallel systems. Versatile models that
can be applied in series, parallel, and hybrid systems [1] are
yet to be formulated. To this gap, Jiang et al [20] developed the
TRPD method, which is applicable to all the aforementioned
systems. The stochastic process discretization of TRPDs is
similar to Monte Carlo simulation (MCS) in that accuracy
increases with the number of discrete moments. Nevertheless,
as the number of discrete stochastic processes and time inter-
vals increase, the computational time increases exponentially.
To enhance computational efficiency, the number of discret-
ized stochastic processes should be low, which is again sus-
ceptible to instability in reliability results. Thus, it is imperat-
ive to develop a computationally efficient method that is ver-
satile for generic structural system problems.

To this end, this study proposes a new method that integ-
rates the Kriging model with stochastic process discretization.
The currently proposed approach achieves higher computa-
tional efficiency and entails fewer function calls. It is viable
for handling a broad range of structural systems. A note of
attention is that the currently proposed method, by employing
the Kriging model, can predict the most probable point (MPP)
at more discrete time instants, thereby improving accuracy to
some extent.

The remainder of this paper is organized as follows.
Section 2 presents a reliability assessment of time-variant
structural systems. Section 3 outlines the current K-TRPD
algorithm. Section 4 presents a set of numerical and engin-
eering examples to validate the currently proposed method.
Section 5 concludes this study.

2. Preliminaries

2.1. Time-variant reliability problem with a single failure mode

Time-variant reliability of structures refers to the probabil-
ity that a structure will fulfill its intended function within a
specified time frame in spite of the influence of time-variant
uncertainties. In this regard, the reliability over a given time
interval can be expressed as

Ps (0, te) = P{g(X,Y(t) , t)> 0,∀t ∈ [0, te]} , (1)

where g(·) is the performance function of the structure;
X= [X1,X2, . . . ,Xn]T denotes the random variable and Y(t) =
[Y1 (t) ,Y2 (t) , . . . ,Ym (t)] represents the stochastic process.

For a structure, the failure probability over a time interval
[0, te] can be formulated as

Pf (0, te) = Prob(g(X,Y(t) , t)⩽ 0,∃t ∈ [0, te]) . (2)

The mathematical expression for the outcrossing rate
method is [34]

v+ (τ) = lim
∆τ→0,∆τ>0

P [N+ (τ,τ +∆τ) = 1]
∆τ

, (3)

where N+ (τ,τ +∆τ) is the number of times a structural per-
formance function crosses from a safe region to a failure region
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Figure 1. Schematic for different structural system models [1].

within the time interval [τ,τ +∆τ ]; P [·] refers to the probab-
ility of crossing the boundary once. The crossing rate can be
expressed as [35]

v+ (τ) = lim
∆τ→0,∆τ>0

P{g(X,Y(τ) , τ)> 0∩ g(X,Y(τ +∆τ) , τ +∆τ)⩽ 0}
∆τ

. (4)

It is assumed that the probability for the occurrence of a
crossover rate event is marginal and it follows Poisson distri-
bution with independent occurrences within the time interval
[τ,τ +∆τ ]. Thus, equation (1) can be rewritten as [1]

Ps (0, te) = Ps (0)exp

[
−
ˆ T

0
v+ (t)dt

]
, (5)

where Ps (0) represents the structure’s initial failure
probability.

2.2. Reliability of the time-variant structural system

In terms of the correlative logic among different functional
units, the structural system can be classified into series, par-
allel, and serial-parallel mixed models [1], as illustrated in
figure 1.

To facilitate subsequent derivations, reliability events are
introduced to represent the three system models. Reliability
event E can be expressed as [1]

E=


a⋃

i=1

b⋂
j=1

Ei,j

 , (6)

where Ei,j stands for the reliable events of functional units Bi,j;
a and b represent order units in series and parallel models,
respectively. If a= 1, this event corresponds to a series sys-
tem; if b= 1, the event stands for a parallel system; otherwise,
the eventE represents amixed system. In the structural system,
the reliability of functional units Bi,j refers to their instantan-
eous reliability at any given time instant throughout the entire
lifecycle. Equation (1) can then be reformulated as

E=


a⋃

i=1

b⋂
j=1

{gi,j (X,Y(t) , t)> 0} , ∀t ∈ [0, te]|

 , (7)

where gi,j is performance function of the functional unit Bi,j.
Reliability over a time interval [0, te] is given by

Ps (0, te) = Prob


a⋃

i=1

b⋂
j=1

{gi,j (X(t) ,Y, t)> 0, ∀t ∈ [0, te]|}

 .

(8)

MCS is usually employed to solve equation (8). This
approach invokes numerous stochastic processes and vari-
ables to approximate the time-variant reliability. With a suffi-
cient number of samples, this method achieves high accuracy.
The add-value is that it is relatively straightforward to imple-
ment. However, it is computationally expensive, particularly
for small failure probability problems that hinder the practical
engineering application of MCS. The subsequent subsections
will introduce a computational measure to tackle these issues.

2.3. Time-variant system reliability analysis method based on
stochastic process discretization

In TRPDs, the stochastic process and time intervals are
discretized prior to discretizing the performance function.
Subsequently, the discrete stochastic processes and vari-
ables are mapped onto the normal space, where the per-
formance function is approximated at the MPP using the
first-order Taylor expansion. This process effectively trans-
forms the time-variant system reliability problem into a
time-independent one. Finally, the reliability of the time-
independent system is evaluated.

Time interval [0, te] is divided into p equal segments of
∆t= te/p. Performance function is then divided accordingly.

4
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The structure’s reliability throughout the entire design life-
cycle requires that the reliability at every instant should be
accurate. Hence, equation (8) can be rewritten as

Ps (0, te) = Prob


a⋃

i=1

b⋂
j=1

c⋂
k=1

{gi,j,k (X,Yk, tk)> 0,∀tk ∈ [0, te]}

 ,

(9)

where gi,j,k (X,Yk, tk) denotes performance function at the
time instant tk; Yk = [Y1 (tk) ,Y2 (tk) , . . . ,Yd (tk)]

T represents
the random variable matrix of c× d dimension from time dis-
cretization of the stochastic process. From equation (9), all
functions after time discretization contain only random vari-
ables. For convenience of derivation, the Nataf transform [36]
is introduced to convert random variables into standard normal
variables. Thus, equation (9) can be rewritten as

Ps (0, te) = Prob


a⋃

i=1

b⋂
j=1

c⋂
k=1

{Gi,j,k (V,Uk, tk)> 0,∀tk ∈ [0, te]}

 ,

(10)

where V and U are representations of X and Y(t) in standard
normal space. The specific transformations can be expressed
as

[(
UT

1 ,U
T
2 , . . . ,U

T
c

)T
;ρU

]
= Nataf

[(
YT

1 ,Y
T
2 , . . . ,Y

T
c

)T
;ρY

]
,

(11)

(V;ρV) = Nataf(X;ρX) , (12)

where ρX and ρY denote correlation coefficient matrixes. For
each discrete function, the FORM is used to calculate its MPP,
followed by a first-order Taylor expansion at the MPP. The
corresponding transformations can be formulated as

Ps (0, te) = Prob

{
a⋃

i=1

b⋂
j=1

c⋂
k=1

[
d∑
l=1

∂Gi,j,k

∂U ′
k,l

∣∣∣∣∣
U ′ ′

i,j,k,l

(
U ′

k,l−U ′ ′
i,j,k,l

)

+

f∑
m=1

∂Gi,j,k

∂V ′
m

∣∣∣∣∣
V ′ ′

i,j,k,m

(
V ′

m−V ′ ′
i,j,k,m

)
> 0

]}
, (13)

where (U ′ ′
i,j,k,V ′ ′

i,j,k) denotes the MPP of Gi,j,k (V,Uk, tk);
(U ′

k,V ′) represents the mean of a random variable of kth per-
formance function and a stochastic process;U ′

k,l stands for the
lth discrete random variable; and V ′

m refers to themth discrete
random variable. Qi,j is then imported to solve equation (13).
It is assumed that the cumulative distribution function is FQi,j ,
andQi,j does not affect the final result of equation (13) [1]. For
convenience of analysis, it is assumed in the following deriv-
ation that Qi,j follows a standard normal distribution. Thus,

equation (13) becomes

Ps (T) = Prob


a⋃

i=1

b⋂
j=1

{
F−1
Qi,j

{
Φ c

{[
d∑

l=1

∂Gi,j,k

∂U ′
k,l

∣∣∣∣∣Ui,j,k,l

(
−U ′ ′

i,j,k,l

)

+

f∑
m=1

∂Gi,j,k

∂V ′
m

∣∣∣∣∣V ′
i,j,k,m

(
V ′
m −V ′ ′

i,j,k,m

)]
,µθi,j

,Cθi,j

}}
−Qi,j > 0

}}
,

(14)

where FQi,j
(·) denotes the distribution function ofQi,j; F

−1
Qi,j

(·)
is the inverse function of FQi,j ; µθi,j and Cθi,j refer to the mean

and covariance matrix of θi,j =
[
(θi,j)1,(θi,j)2, . . . ,(θi,j)c

]T
.

(θi,j)k can be expressed as

(θi,j)k =−
m∑
j=1

∂Gi,j,k

∂U ′
k,j
|U ′

i,j,k,lU
′
k,j, k= 1,2, . . . ,c. (15)

Although equation (15) is more effective than equation(13),
it uses the FORM to estimate the MPPs of all discrete val-
ues. As the discrete values increase, the computational cost
also increases substantially. Thus, when TRPDs are applied
to time-variant system reliability analysis, computational effi-
ciency decreases as the number of discretizations increases.

3. Currently proposed method

TheK-TRPDmethod incorporates the Krigingmodel to calcu-
late the MPP for each discrete function. The K-TRPD method
in this study calculates the MPP at some time instants exclus-
ively, and uses fewer time points than the TRPD method.
This substantially reduces the invocation of the FORM. The
Kriging model is then constructed using the calculatedMPP to
approximate the MPP of the time interval. This approach cir-
cumvents continuous reliability analysis of each failure mode,
thereby reducing the number of function calls required to solve
time-variant system reliability analysis.

3.1. System time-variant reliability analysis method

In standard normal space, the MPP of the performance func-

tion at tk, (k= 1,2, . . . ,q) isZ(i,j)
MPP(tk)

=
[
U(i,j,k)

MPP ,V(i,j,k)
MPP

]
, which

can be calculated by the following equation,

{
find ZMPP =minβr

s.t. G (ZMPP) = 0
, (16)

where βr denotes the reliability index and
(
tj,Z

(i,j)
MPP(tk)

)
are

used as training samples of Kriging model. The discrete time
points tj are taken as the input of the Kriging model, and the
initial model is constructed to predict the MPP at each discrete

5
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time instant. Equation (13) can then be rewritten as

Ps (0, te) = Prob

{
a⋃

i=1

b⋂
j=1

c⋂
k=1

[
∂Gi,j,k

∂Uk

∣∣∣∣∣Û(i,j,k)MPP

(
Uk− Û

(i,j,k)
MPP

)

+
∂Gi,j,k

∂V

∣∣∣∣∣
V̂

(i,j,k)
MPP

(
V− V̂

(i,j,k)
MPP

)
> 0

]}
, (17)

where
(
Û

(i,j,k)
MPP , V̂

(i,j,k)
MPP

)
denotes the MPP at discrete time

instant tk (k= 1,2, . . . ,c).

3.1.1. Series system. In a series system, the failure of
any individual subsystem leads to failure of the overall sys-
tem. Accordingly, for a series system, equation (17) can be
expressed as follows,

Ps (0, te) = Prob

{
b⋂

j=1

c⋂
k=1

[
∂Gj,k

∂Uk

∣∣∣∣
Û
(j,k)
MPP

(
Uk− Û

(j,k)
MPP

)

+
∂Gj,k

∂V

∣∣∣∣∣
V̂

(j,k)
MPP

(
V− V̂

(j,k)
MPP

)
> 0

]}
. (18)

Equation (18) can be further rewritten as

Ps (0, te) = Prob

{
b⋂

j=1

c⋂
k=1

[
∂Gj,k

∂Uk

∣∣∣∣
Û
(j,k)
MPP

(
−Û

(j,k)
MPP

)

+
∂Gj,k

∂V

∣∣∣∣∣V̂(j,k)
MPP

(
V− V̂

(j,k)
MPP

)
>

∂Gj,k

∂Uk

∣∣∣∣∣Û(j,k)
MPP

Uk

]}
. (19)

To solve equation (19), a random variable αj =

[αj,1,αj,k, . . . ,αj,k]
T is introduced, in which the mean value

is µαj
and the correlation coefficient matrix is Cαj :

αj,k =
∂Gj,k

∂Uk

∣∣∣Û(j,k)
MPP

Uk. (20)

Introducing the random variable Qj into equation (20)
yields

⌣
g j (V,Qj) = F−1

Qj

{
Φ c

{[
G ′

Uj,k

(
−U(j,k)

MPP

)
+G ′

Vj,k

(
V−V(j,k)

MPP

)]
, µαj

,Cαj

}}
−Qj,

(21)

where G ′
Uj,k and G

′
Vj,k are the partial derivatives of the per-

formance function at the MPP:

G ′
Uj,k =

∂Gj,k

∂Uk

∣∣∣∣
Û
(j,k)
MPP

(22)

G ′
Vj,k =

∂Gj,k

∂V

∣∣∣V(j,k)
MPP

. (23)

Equation (23) can then be rewritten as

Ps (0, te) = Prob


b⋂

j=1

[
⌣
g j (V,Qj)> 0

] , (24)

where the random variables V and Qj are independent of the
time variable t. Equation (21) can be further rewritten as

⌣
g j (Zj) = F−1

Qj

{
Φ c

{[
G ′

Uj,k

(
−U(j,k)

MPP

)
+G ′

Vj,k

(
V−V(j,k)

MPP

)]
, µαj

,Cαj

}}
−Qj, (25)

where Zj = [V,Qj] represents the random variable of the per-

formance function. ⌣
g j (Zj) can be converted into the standard

normal space by

⌣

Gj
(
Z ′

j

)
= Tj (V ′)−Qj (26)

where V ′ is the transformation of V in the standard normal
space. When equation (26) is expanded into a Taylor series at
the MPP. Retaining only the first term, the expansion can be
written as

⌣

Gj
(
Z ′

j

)
L
=

∥∥∥∥∇⌣

Gj
(
Z ′∗

j

)∥∥∥∥(βj−αT
j Z

′
j
)
. (27)

Substituting equation (27) into equations (24) and (26) can
then be further rewritten as

Ps (0, te) = Prob


b⋂

j=1

[∥∥∥∥∇⌣

Gj
(
Z ′∗

j

)∥∥∥∥(βj−αT
j Z

′
j
)
> 0

] ,

(28)

where Z ′∗
j is the MPP of performance function

⌣

Gj
(
Z ′

j

)
; βj

and Z ′∗
j can be determined through following optimization,find Z ′

j =minβj

s.t.
⌣

Gj
(
Z ′

j

)
= 0

. (29)

Equation (29) can then be further rewritten as

Ps (0, te) = Prob


a⋃

j=1

[
βj > αT

j Z
′
j
] , (30)

where αj is the unit vector of the performance function at the
MPP, which can be rewritten as

αj =−
∇

⌣

Gj
(
Z ′∗

j

)∥∥∥∥∇⌣

Gj
(
Z ′∗

j

)∥∥∥∥ , j = 1,2, . . . ,b. (31)

6
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According to
⌣

Gj
(
Z ′

j

)
L
(j = 1,2, . . . ,b), the correlation

coefficient between different failure mode functions can be
calculated by

ρj,j+1 =

Cov

(
⌣

Gj
(
Z ′

j

)
L
,
⌣

Gj+1
(
Z ′

j+1

)
L

)
σ

⌣
G j(Z ′

j)L
σ

⌣
G j+1(Z ′

j+1)L

, (32)

where Cov(
⌣

Gj
(
Z ′

j

)
L
,
⌣

Gj+1
(
Z ′

j+1

)
L
) is the covariance matrix

between different failure modes. The reliability of the series
system can be derived by solving equation (32).

3.1.2. Parallel system. In a parallel system, as long as a
single part of the structure does not fail, the system will not
fail. Thus, for a parallel system, equation (17) can be rewritten
as

Ps (0, te) = Prob

{
a⋃

i=1

c⋂
k=1

[
∂Gi,k

∂Uk

∣∣∣∣
Û
(i,k)
MPP

(
Uk− Û

(i,k)
MPP

)
+

∂Gi,k

∂V

∣∣∣V̂(i,k)
MPP

(
V− V̂

(i,k)
MPP

)
> 0

]}
. (33)

Equation (33) can be further rewritten as

Ps (0, te) = Prob

{
a⋃

i=1

c⋂
k=1

[
∂Gi,k

∂Uk

∣∣∣∣
Û
(i,k)
MPP

(
−Û

(i,k)
MPP

)
+

∂Gi,k

∂V

∣∣∣V̂(i,k)
MPP

(
V− V̂

(i,k)
MPP

)
>

∂Gi,k

∂Uk

∣∣∣Û(i,k)
MPP

Uk

]}
.

(34)

To solve equation (34), a random variable αi =
[αi,1,αi,k, . . . ,αi,k]

T is introduced to take the form of

αi,k =
∂Gi,k

∂Uk

∣∣∣Û(i,k)
MPP

Uk. (35)

Introducing the random variable Qj into equation (34)
yields

⌣
g i (V,Qi) = F−1

Qi

{
Φ c

{[
G ′

Ui,k

(
−U(i,k)

MPP

)
+G ′

Vi,k

(
V−V(i,k)

MPP

)]
, µαi

,Cαi

}}
−Qi > 0,

(36)

where G ′
Vi,k and G

′
Vi,k denote partial derivatives of perform-

ance functions at the MPP:

G ′Ui,k =
∂Gi,k

∂Uk

∣∣∣U(i,k)
MPP

(37)

G ′Vi,k =
∂Gi,k

∂V

∣∣∣V(i,k)
MPP

. (38)

Equation (33) can be rewritten as

Ps (0, te) = Prob

{
a⋃

i=1

[
⌣
g i (V,Qi)> 0

]}
, (39)

where V and Qi are independent of the time variable t.
Equation (36) can then be further rewritten as

⌣
g i (Zi) = F−1

Qi

{
Φ c

{[
G ′

Ui,k

(
−U(i,k)

MPP

)
+G ′

Vi,k

(
V−V(i,k)

MPP

)]
,µαi

,Cαi

}}
−Qi, (40)

where Zi = [V,Qi] is the random variable of the performance

function ⌣
g i (·), which will be transformed into the standard

normal space. Equation (40) can then be rewritten as

⌣

Gi (Z ′
i) = Ti (V ′)−Qi, (41)

where V ′ is transformation of V in the standard normal space.
When Taylor series expansion is performed on equation (41)
at the MPP, the expansion can be expressed as

⌣

Gi(Z ′
i)L =

∥∥∥∥∇⌣

Gi
(
Z ′∗

i

)∥∥∥∥(βi−αT
i Z

′
i
)
. (42)

Substituting equation (42) into equation (39),
and equation(39) becomes

Ps (0, te) = Prob

{
a⋃

i=1

[∥∥∥∥∇⌣

Gi
(
Z ′∗

i

)∥∥∥∥(βi−αT
i Z

′
i
)
> 0

]}
,

(43)

whereZ ′∗
i is theMPP of performance function

⌣

Gi (Z ′
i); βi and

Z ′∗
i can be determined through following optimization prob-

lem, find Z ′
i =minβ

s.t.
⌣

Gi (Z ′
i) = 0

. (44)

Equation (43) can be then rewritten as

Ps (0, te) = Prob

{
a⋃

i=1

[
βi > αT

i Z
′
i
]}

, (45)

whereαi stands for the unit vector of the performance function
at Z ′∗

i

αi =−
∇

⌣

Gi
(
Z ′∗

i

)∥∥∥∥∇⌣

Gi
(
Z ′∗

i

)∥∥∥∥ , i = 1,2, . . . ,a. (46)

According to
⌣

Gi(Z ′
i)L (i = 1,2, . . . ,a), the correlation

coefficient between different failure mode functions can be

7
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calculated by

ρi,i+1 =

Cov

(
⌣

Gi(Z ′
i)L,

⌣

Gi+1
(
Z ′

i+1

)
L

)
σ

⌣
G i(Z ′

i)L
σ

⌣
G i+1(Z ′

i+1)L

, (47)

where Cov(
⌣

Gi(Z ′
i)L,

⌣

Gi+1
(
Z ′

i+1

)
L
) is the covariance matrix

between different failure modes. The reliability of the parallel
system can be acquired by solving equation (45).

3.2. Construction of Kriging models for each failure mode

3.2.1. Fundamentals of the Krigingmodel. The time-variant
reliability analysis method using surrogate model generally
incorporates approaches such as a response surface [37],
neural network [38], and the Kriging model [39]. These sur-
rogate models can replace complex performance functions to
improve computational efficiency. Among these models, the
Kriging model stands out as a semi-parametric method that,
unlike fully parameterized models, does not depend on a pre-
defined mathematical formula, thus exhibiting great flexibil-
ity in application. The add-value of the Kriging model is that
is minimizes prediction errors [40, 41]. Expositions of the
Kriging model can be found in [42] and [39].

The Kriging model is composed of two components: a lin-
ear regression and stochastic process [43]. The general expres-
sion of the Kriging model is [44]

g(x) = fT (x)β+ z(x) , (48)

where f(x) = [f1 (x) , f2 (x) , . . . , fn (x)]
T denotes the basic func-

tion; β = [β1,β2, . . . ,βn]
T represents the vector of the regres-

sion coefficient; z(x) specifies the stationary Gaussian pro-
cess, and its covariance function is [44]

cov(z(xi) ,z(xj)) = σ2R(xi,xj) , (i, j = 1,2, . . . ,m) , (49)

where R(xi,xj) is correlation coefficient of sample xi and xj;m
represents the number of xi; and σ2 symbolizes the variance.
R(xi,xj) is expressed as [44]

R(xi,xj) = exp

(
−

K∑
l=1

θl(xi,l− xj,l)
2

)
, (50)

where K refers to the dimension of variables and θl indicates
the lth parameter.

The parameters in equation (48) can be computed
individually [44]

β̂ =
(
FTR−1F

)−1
F−1R−1Y (51)

σ̂2 =
1
m

(
Y−Fβ̂

)T
R−1

(
Y−Fβ̂

)
, (52)

where F specifies the representation matrix Fih = fh (xi). Each
matrix element R is constituted of Ri,j = R(xi,xj) [44]:

R=

 R(x1,x1) · · · R(x1,xj)
...

. . .
...

R(xi,x1) · · · R(xi,xj)

 . (53)

To estimate the relevant parameters, the maximum-
likelihood estimation function can be derived as follows [44],

L=−1
2

(
n ln
(
σ̂2
)
− 1

2
ln |R|

)
. (54)

The Kriging model response’s optimal linear unbiased pre-
diction and the mean squared error can be formulated as
follows [44],

ĝ(x) = fT (x) β̂+ rT (x)R−1
(
Y−Fβ̂

)
(55)

σ̂2
ĝ(X) = σ2

(
1+uT

(
FTR−1F

)−1
u− rT (x)R−1r

)
, (56)

where rT (x) is the vector for the correlation of x and u=
FTR−1r(x)− f(x).

3.2.2. Prediction of MPP trajectory for each failure mode.
To improve both the convergence performance and accuracy of
the model, this study incorporates an active learning approach.
It enhances the prediction of the trajectory for the maximum
possible failure point in each failure mode. By leveraging act-
ive learning, more efficient sample points are selected, leading
to a more accurate Kriging model. The most commonly used
active learning functions are U [45], EFF [46] and ERF [47].

In TRPDs, the time interval [0, te] is discretized into p equal
time intervals [ti, ti+1] , (i = 1,2, . . . ,p), and the performance
function g(X,Y(t) , t) is discretized as gi (X,Y(ti) , ti) at each
discrete time point ti accordingly. We can select q(q< p) time
points from the entire discrete time instants to conduct the
required MPP search. We define the MPP of the perform-
ance function at time tj (j = 1,2, . . . ,q) in the standard normal

space as ZMPP (tj) =
[
V(j)

MPP,U
(j)
MPP

]
. The obtained MPPs are

regarded as the training samples (tj,ZMPP (tj))(j = 1,2, . . . ,q)
of the Kriging model, which is a single input (i.e. t) but mul-
tiple outputs (i.e. ZMPP = [VMPP,UMPP]). The mapping rela-
tionship between the inputs and the outputs can be expressed
as


t1
t2
...

tq

→


Z(1)
MPP

Z(2)
MPP

...

Z(q)
MPP

 . (57)

Using these samples, a Kriging model ẐMPP (t) can be con-
structed based on the method depicted in Subsection 3.2.1. In

8
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Figure 2. Flowchart for the proposed K-TRPD method.

building the Kriging model, the U function [45] is utilized to
enhance the model’s accuracy and efficiency:

U(X) =
|ĝ(X)|
σ̂ĝ(X)

, (58)

where ĝ(X) denotes the prediction of the Kriging model and
σ̂ĝ(X) is the corresponding standard deviation. Substituting
the prediction of the Kriging model at discrete times into
equation (58) leads to

U(tk) =



∣∣∣Ẑ(i,j,k)
MPP (tk)

∣∣∣
σ̂

Ẑ
(i,j,k)
MPP

(tk)
i, j ̸= 1 and i, j > 0∣∣∣Ẑ(j,k)

MPP (tk)
∣∣∣

σ̂
Ẑ
(j,k)
MPP

(tk)
i = 1, j ̸= 1∣∣∣Ẑ(i,k)

MPP (tk)
∣∣∣

σ̂
Ẑ
(i,k)
MPP

(tk)
i ̸= 1, j = 1

, (59)

where U(tk) is the vector containing all components of the
MPP; tk is a random time instant within the time cycle
and U(t) = (U(t1) ,U(t2) , . . . ,U(tk))

T denotes the matrix of
U(tk). The time instant at which the U function reaches its

minimum value is identified during each iteration:

t∗ = argmin
t∈[0, te]

U(t) . (60)

The FORM is then used to conduct time-invariant reliability
analysis at the time instant tnew to derive MPP Z(i,j)

MPP (tnew), and

the sample point
(
tnew,Z

(i,j)
MPP (tnew)

)
is adopted as the initial

sample.
The minimum value of U(t) is U(tk) (tk ∈ [0, te]); there-

fore, the termination criterion for updating of the U function
in the Kriging model is

N=

{
N+ 1, tnew = t∗ min(U(tk))< 2

N min(U(tk))⩾ 2
, (61)

where N denotes the number of sample points. If
min(U(tk))⩽ 2, the Kriging model should be updated.
Otherwise, the Kriging model stops updating and predicting
MPPs.

3.3. Procedure of the K-TRPD method

The K-TRPDs proposed in this study consists of below eight
key steps. For illustrative purposes, a comprehensive flowchart
is also presented in figure 2.

9
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Step 1: The time interval and performance function
are respectively discretized to p equal time intervals and
gi,j,k (X,Y(tk) , tk) (k= 1,2, . . . ,p).

Step 2: Nataf transformation is implemented to trans-
form a random variable into a standard normal variable,
and the performance function gi,j,k (X,Yk, tk) is then trans-
formed into Gi,j,k (V,Uk, tk). Starting with p + 1 discrete time
points in Step 1, q time points are chosen at equal intervals.
Subsequently, the FORM is applied to determine the MPP at
each of these selected time points.

Step 3: According to q time points obtained in Step 2
and the corresponding MPPs, the initial sample point set is
(tv,ZMPP (tv))(v= 1,2, . . . ,q); the initial Kriging model can
then be constructed.

Step 4: Introduce U function to update the Kriging model.
According to the corresponding termination criteria, in each
iteration, if one sample point is added and the new time
instant is tnew = t∗, time-invariant reliability analysis is con-
ducted at the update time by utilizing the FORM to obtain
the maximum possible failure point Z(i,j)

MPP (tnew). The sample
point is then updated to the initial sample set and the Kriging
model is updated. If min(U(tk))⩾ 2 , the Kriging model stops
updating.

Step 5: The Kriging model updated in Step 4 is used to
predict the MPPs at p discrete time points. These MPPs are
substituted into equation (27) for calculation.

Step 6: If the structural system is a series system,
equation (18) is used to derive the solution. The partial deriv-
ative of the performance function Gj,k (V,Uk, tk) at the MPP
is G ′

j =
(
G ′

Uj,k ,G
′
Vj,k

)
. If the structural system is a parallel

system, equation (33) is used instead. The partial derivative
of the performance function Gi,k (V,Uk, tk) at the MPP is then
calculated as G ′

i =
(
G ′

Ui,k ,G
′
Vi,k

)
.

Step 7: Substituting G ′
i =
(
G ′

Ui,k ,G
′
Vi,k

)
in Step 6 into

equations (21) and (36), respectively, the time-variant system
reliability analysis can be transformed into time-invariant sys-
tem reliability analysis.

Step 8: The FORM is used to solve equations (20) and (35),
respectively, to derive the reliability of the structural system.

4. Exemplifications

4.1. Simply supported beam

Figure 3 illustrates the configuration of a simply supported
beam. The length of the beam is 5 m. The overall simply sup-
ported beam sustains a cloth load F(t). Considering the inevit-
able degradation of material properties with time, it is assumed
that the flexural and shear strengths of simply supported beams
follow the exponential decay model and the distributive stats
are tabulated in table 1.

M(t) =M0e
−0.0005t (62)

V(t) = V0e
−0.0005t (63)

Figure 3. Simply supported beam [1, 20].

Table 1. Distributive stats of random variables for a simply
supported beam.

Variables Distribution Mean COV (%) Acf.

M0 Normal 800 kN 10 NA
V0 Normal 700 kN 15 NA

F(t) Gaussian process 120 kN m−1 25 exp
[
−(2τ)2

]

In this example, five distinct circumstances (Cases 1–5)
are examined. The time steps for each case are set to 1 year,
1/2 year, 2/5 year, 1/3 year, and 1/4 year, respectively. MCS,
TRPDs and the currently proposed method are adopted to
solve Cases 1–5. The resulting reliabilities are tabulated in
table 2 and depicted in figure 4. A note of attention is that
the samples are 106 for MCS. The results obtained by MCS
are used as a metric to benchmark those by TRPDs and the
currently proposed method.

From table 2, with decreasing time steps, the results from
TRPDs and K-TRPDs approach those from MCS in Cases
1–5 with gradual improvement in accuracy. In Case 1, the
highest error between the results by the twomethods andMCS
is 18.51%. However, with the increase in discrete numbers,
the highest error between the results by the two methods is as
low as 2.40% in Case 5. When a single failure mode is con-
sidered and at the time instant t = 10, the reliability indexes
are 2.3557 and 2.1497 in Case 5 by the two methods, respect-
ively. The reliability index of the system considering the two
series failure modes is 2.0162, which is lower than that of the
single failure mode. In terms of calculation efficiency, with
the decrease of time step ∆t, the performance function calls
of TRPDs increase more remarkably, from 200 of Case 1 to
800 of Case 5, while performance function calls of K-TRPDs
increase gradually from 140 of Case 1 to 380 of Case 5. In
Case 5, the performance function calls for K-TRPDs are only
half that of TRPDs. Compared to the TRPD method, the cur-
rently proposed approach demonstrates improved computa-
tional efficiency.

4.2. Planar three-bar structure

Figure 5 shows a planar three-bar structure. The lengths of bars
1 and 3 are L, and the length of bar 2 is H. The load is applied
at the junction and the material strength is η. For this structure,
when the force ismaximum, bar 2 fails first, and the structure is

10



J. Reliab. Sci. Eng. 1 (2025) 025001 D Zhang et al

Table 2. Reliability index for simply supported beams in 1–10 years.

Cases Time/year 1 2 3 4 5 6 7 8 9 10 NoF

MCS 2.6276 2.4604 2.3567 2.2748 2.2083 2.1586 2.1093 2.0678 2.0331 2.0022 106

Case 1 (%)
TRPDs

3.0225 2.8323 2.7189 2.6376 2.5740 2.5216 2.4771 2.4382 2.4038 2.3728
200

(15.03) (15.11) (15.37) (15.95) (16.55) (16.82) (17.44) (17.92) (18.23) (18.51)

K-TRPDs
3.0225 2.8323 2.7189 2.6376 2.5740 2.5216 2.4771 2.4382 2.4038 2.3728

140
(15.03) (15.12) (15.37) (15.95) (16.56) (16.82) (17.44) (17.92) (18.23) (18.51)

Case 2 (%)
TRPDs

2.8440 2.6537 2.5391 2.4566 2.3920 2.3387 2.2934 2.2540 2.2189 2.1874
400

(8.24) (7.86) (7.74) (7.99) (8.31) (8.34) (8.73) (9.00) (9.14) (9.25)

K-TRPDs
2.8440 2.6537 2.5391 2.4566 2.3920 2.3387 2.2934 2.2540 2.2189 2.1874

220
(8.24) (7.86) (7.74) (7.99) (8.31) (8.34) (8.73) (9.00) (9.14) (9.25)

Case 3 (%)
TRPDs

2.8517 2.6021 2.5065 2.4035 2.3503 2.2846 2.2475 2.1990 2.1703 2.1317
500

(8.53) (5.76) (6.36) (5.66) (6.43) (5.84) (6.55) (6.34) (6.75) (6.46)

K-TRPDs
2.8517 2.6021 2.5065 2.4035 2.3503 2.2846 2.2475 2.1990 2.1703 2.1317

260
(8.53) (5.76) (6.36) (5.66) (6.43) (5.84) (6.55) (6.34) (6.75) (6.46)

Case 4 (%)
TRPDs

2.7525 2.5611 2.4449 2.3610 2.2952 2.2410 2.1948 2.1546 2.1187 2.0867
600

(4.75) (4.09) (3.74) (3.79) (3.93) (3.82) (4.06) (4.20) (4.22) (4.22)

K-TRPDs
2.7525 2.5611 2.4449 2.3610 2.2952 2.2410 2.1948 2.1546 2.1187 2.0866

300
(4.75) (4.09) (3.74) (3.79) (3.93) (3.82) (4.06) (4.20) (4.22) (4.22)

Case 5 (%)
TRPDs

2.6906 2.4976 2.3798 2.2947 2.2280 2.1729 2.1260 2.0851 2.0489 2.0162
800

(2.40) (1.51) (0.10) (0.09) (0.09) (0.07) (0.08) (0.08) (0.08) (0.07)

K-TRPDs
2.6906 2.4976 2.3798 2.2947 2.2280 2.1729 2.1260 2.0851 2.0489 2.0162

380
(2.40) (1.51) (0.10) (0.09) (0.09) (0.07) (0.08) (0.08) (0.08) (0.07)

then transformed into a two-rod structure as shown in figure 6.
As a result of corrosion, both the inner and outer diameters
will evolve over time [1]:

d(t) = d0 + 2× 0.0008t (64)

D(t) = D0 − 2× 0.0008t, (65)

where d0 andD0 denote initial values of d(t) andD(t), respect-
ively; P(t) stands for a stochastic process. The distributive
stats are tabulated in table 3.

In this case, failure of the structural system occurs only
when both the three-bar and two-bar structures fail, indicating
that the system function is a parallel structure. Accordingly,
the failure modes of the three-bar structure and the two-bar
structure can be established as [1]

g1 (t) = η− 4P(t)L3

π (L3 + 2H3)
(
D(t)2 − d(t)2

) (66)

g2 (t) = η− 2P(t)L

πH
(
D(t)2 − d(t)2

) . (67)

Five discrete time step lengths (Cases 1–5) are examined.
Time steps for these five cases are set to 1/2 year, 2/5 year,
1/3 year, 1/4 year, and 1/5 year, respectively. For each case,
MCS with 106 random samples and the TRPD and K-TRPD
methods are applied. The corresponding results are tabulated
in table 4 and depicted in figure 7. The results fromTRPDs and
K-TRPDS are benchmarked against the results from MCS.

Table 4 demonstrates that as the discrete time step
decreases, the results from TRPDs and K-TRPDs converge
towards those from theMCSmethod. In Case 5, the maximum
relative deviation between the results of the two methods from
that by MSC is 2.75% and 2.74%, respectively, demonstrat-
ing the high accuracy of the K-TRPD method. In Case 5,
the t = 10, g1 (t) and g2 (t) reliability indexes are 1.4503 and
0.9991. The system reliability index considering the parallel
failuremode is 2.0162, which is higher than the counterpart for
the single failure mode. This conforms to general engineering
practice. For computational efficiency, as the discrete time step
increases, the number of function calls for TRPDs increases
substantially, whereas the increase for K-TRPDs is limited to
just 420 calls. In Case 5, the TRPD method entails notably
more function calls than K-TRPDs, signifying the improved
computational efficiency due to the engagement of the Kriging
model in K-TRPDs.

4.3. Two-bar parallel structure

Figure 8 shows a parallel structure of two rods. A-A and
B-B are the cross-sections of rod 1 and rod 2, respectively.
Considering that materials degrade over time, the lengths and
widths of the two rod sections are expressed as

a1 (t) = a10 − 2k1t (68)

a2 (t) = a20 − 2k2t (69)

b1 (t) = b10 − 2k1t (70)
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Figure 4. Two indexes for simply supported beam over design
lifetime.

b2 (t) = b20 − 2k2t, (71)

where a1 (t), a2 (t) and b1 (t), b2 (t) are the widths and lengths
of the two cross sections, respectively; a10, a

2
0, b

1
0 and b20 are

the initial values of a1 (t), a2 (t), b1 (t) and b2 (t), respectively;
k1 = 5× 10−4, and k2 = 3× 10−4.

When the yield strength of both bars is lower than the
applied stress, the entire structural system will fail, indicating
that this system operates as a parallel system. The performance
function for this two-bar parallel structure can be expressed as

g(t) =

{
G1 (t) = a1 (t)b1 (t)σ1 −P(t)/2

G2 (t) = a2 (t)b2 (t)σ2 −P(t)/2
, (72)

where σ1 and σ2 denote the respective yield strengths. Table 5
tabulates the distributive stats of each random variable. The
time-variant reliability index is expressed as

Figure 5. Planar three-bar structure [1].

Figure 6. Planar two-bar structure [1].

Table 3. Distributive stats of random variables for a planar
three-bar structure.

Variables Distribution Mean COV (%) Acf.

η Normal 8 MPa 13 NA
D0 Lognormal 0.05 m 16 NA
d0 Lognormal 0.02 m 10 NA
L Normal 1.5 m 26.7 NA
H Normal 1 m 40 NA
F(t) Gaussian process 3500 N 20 sin(∥8τ∥)

∥8τ∥
[37]

Ps (t) = P{g(X,Y(t) , t)≥ 0,∀t ∈ [0,2]} , (73)

where X=
[
a10,a

2
0,b

1
0,b

2
0,σ1,σ2

]
and Y(t) = P(t).

Five distinct scenarios, labeled as Cases 1–5, are examined.
The time steps are set to be 1/3 year, 1/5 year, 1/6 year,
1/10 year, and 1/14 year. For each case, this problem is solved
using MCS with 107 samples. The results are presented in
table 6.

Table 6 shows that as the discrete time step decreases, the
results for TRPDs and K-TRPDs gradually converge to those
by MCS method. When t = 2, the reliability indexes of G1 (t)
and G2 (t) are 2.3026 and 2.2809 in Case 5, while the system
reliability indexes of the parallel system are 2.6398. This is
higher than the counterparts of the single failure mode, which
conforms to general engineering practice. For computational
efficiency, as the discrete time step increases from Case 1 to
Case 5, the number of TRPD function calls increases from 432
to 2016, while the number of K-TRPD function calls increases
from 312 to 664. A highlight is that for K-TRPDs, the increase

12
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Table 4. Reliability index for the planar three-bar structure.

Cases Time/year 1 2 3 4 5 6 7 8 9 10 NoF

MCS 2.0385 1.9248 1.8609 1.8123 1.7606 1.7206 1.6830 1.6460 1.6164 1.5829 106

Case 1 (%)
TRPDs

2.2000 2.0618 1.9791 1.9170 1.8654 1.8196 1.7776 1.7380 1.7000 1.6632
14 320

(7.92) (7.12) (6.35) (5.78) (5.95) (5.75) (5.62) (5.56) (5.17) (5.07)

K-TRPDs
2.1998 2.0614 1.9782 1.9156 1.8640 1.8183 1.7760 1.7363 1.6986 1.6620

3000
(7.91) (7.10) (6.30) (5.70) (5.87) (5.68) (5.53) (5.49) (5.08) (5.00)

Case 2 (%)
TRPDs

2.2122 2.0292 1.9619 1.8866 1.8453 1.7905 1.7570 1.7097 1.6795 1.6355
17 896

(8.53) (5.43) (5.43) (4.10) (4.81) (4.06) (4.40) (3.87) (3.90) (3.32)

K-TRPDs
2.2121 2.0287 1.9610 1.8852 1.8438 1.7891 1.7554 1.7081 1.6780 1.6344

3070
(8.52) (5.40) (5.38) (4.02) (4.72) (3.98) (4.31) (3.77) (3.81) (3.25)

Case 3 (%)
TRPDs

2.1414 2.0086 1.9283 1.8677 1.8171 1.7722 1.7308 1.6918 1.6543 1.6178
21 481

(5.05) (4.36) (3.62) (3.06) (3.21) (3.00) (2.84) (2.78) (2.34) (2.21)

K-TRPDs
2.1413 2.0081 1.9273 1.8663 1.8157 1.7708 1.7292 1.6901 1.6529 1.6167

3140
(5.04) (4.33) (3.57) (2.98) (3.13) (2.92) (2.75) (2.68) (2.25) (2.14)

Case 4 (%)
TRPDs

2.1134 1.9823 1.9022 1.8417 1.7912 1.7464 1.7051 1.6662 1.6288 1.5926
28 640

(3.67) (2.99) (2.22) (1.62) (1.74) (1.50) (1.32) (1.23) (0.77) (0.61)

K-TRPDs
2.1133 1.9818 1.9012 1.8403 1.7898 1.7450 1.7035 1.6645 1.6274 1.5914

3280
(3.67) (2.97) (2.17) (1.54) (1.66) (1.42) (1.22) (1.12) (0.68) (0.54)

Case 5 (%)
TRPDs

2.0945 1.9635 1.8832 1.8226 1.7720 1.7272 1.6860 1.6471 1.6099 1.5737
35 832

(2.75) (2.01) (1.20) (0.57) (0.65) (0.38) (0.18) (0.07) (0.41) (0.59)

K-TRPDs
2.0943 1.9630 1.8822 1.8211 1.7706 1.7258 1.6843 1.6454 1.6084 1.5725

3420
(2.74) (1.99) (1.14) (0.49) (0.57) (0.30) (0.08) (0.03) (0.50) (0.66)

is as low as 352 against a 1574 increase for TRPDs, signifying
the enhanced computational efficiency of K-TRPDs.

4.4. RV reducer

RV reducers are generally employed in robots, due to favor-
able features of compacted size, lightweight, and high out-
put torque. Any form of failure in the RV reducer will impact
the overall reliability of the robot. Figure 9 is a schem-
atic for an industrial robot and its RV reducer [49, 50]. In
this example, considering the two failure modes of planet-
ary gear tooth surface contact fatigue failure and bending
fatigue failure of RV reducer, the performance functions g1 (t)
and g2 (t) for tooth surface contact fatigue strength and bend-
ing fatigue strength of planetary gear teeth are formulated
based on the condition criteria for the surface stress of the
gears:

g1 (t) = [σH]−

√
2KHT
b2d2

· µ+ 1
µ

ZHZEZε (74)

g2 (t) = [σF]−
2KFTYFaYSaYε

b2d2m
, (75)

where [σH] and [σF] represent the allowable contact and bend-
ing fatigue strengths, respectively; KH and KF are the load
coefficients to calculate these strengths; ZH stands for the node
area coefficient; ZE denotes the elastic modulus; Zε specifies
the coincidence coefficient for contact fatigue strength; YFa
refers the tooth shape coefficient; YSa symbolizes the stress

correction coefficient for the load acting on the tooth tip; Yε
is the coincidence coefficient used in bending fatigue strength
calculations; m indicates the modulus of the planetary gear;
and µ is the ratio of the number of teeth on the planetary gear
to those on the central gear. The distributive stats are tabulated
in table 7.

Four distinct cases are analyzed, with time steps being
set to 1 year, 5/6 year, 5/7 year and 5/8 year, respect-
ively. MCS with 106 samples, TRPDs and K-TRPDs are
applied to solve each case, and the results are presented
in table 8. The variations of the reliability index and fail-
ure probability over the design lifetime are depicted in
figure 10.

As the time step decreases, the results from the TRPD
and K-TRPD methods converge towards those from the MCS
method. Specifically, in Case 4, the maximum relative error
between the results by the two methods is 4.92%, with K-
TRPDs demonstrating a relatively higher level of accuracy.
When considering the single failure mode, in Case 4, t = 5,
g1 (t) and g2 (t) are 1.8199 and 5.2276, while the system reli-
ability index considering the series of the two is 1.8198. This
is lower than that of the single failure mode, which conforms
to general engineering practice. For computational efficiency,
the number of function calls in TRPDs increases signific-
antly as the number of discretizations increases. For Cases
1–5, the function calls for TRPDs method increases by a
factor of 180; whereas for the K-TRPD method, this increase
is only 24 times. In Case 5, the number of functions calls
for TRPD method is approximately double that of the K-
TRPD method. This comparison signifies that integrating the
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Figure 7. Two indexes for planar three-bar structure over the design lifetime.

Figure 8. Two-bar parallel structure [1, 48].

K-TRPDs method with the Kriging model enhances computa-
tional efficiency compared to TRPD method alone.

4.5. Hybrid system example

The structural system consists of three components, A, B and
C, with their interconnections being illustrated in figure 11.

The performance functions for each unit are defined as fol-
lows,

A : g1 =
X2
1

5
+
X2

2
(1− 0.001t)−X2Y1 (t)−Y2 (t) (76)

B : g2 = 3X1 + 2X2
2 exp(−0.001t)−X1Y1 (t)−X1Y2 (t) (77)
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Table 5. Distributive stats of random variables for a planar three-bar structure.

Variables Distribution Mean COV (%) Acf.

a10 Normal 1.3 inch 0.8 NA
a20 Normal 1.2 inch 0.8 NA
b10 Normal 1.3 inch 3.8 NA
b20 Normal 1.2 inch 4.2 NA
σ1 Normal 34.1 kpsi 1.0 NA
σ2 Normal 34.1 kpsi 1.0 NA

P(t) Gaussian process 85 kpsi 9.4 exp
[
−(2τ)2

]

Table 6. Distributive stats of random variables for a planar three-bar structure.

Cases Time/year 1 2 NoF

MCS 2.8335 2.6292 107

Case 1 (%)
TRPDs 3.4911(23.21) 3.1563(20.05) 432
K-TRPDs 3.4911(23.21) 3.1563(20.05) 312

Case 2 (%)
TRPDs 3.3130(16.92) 2.9738(13.01) 720
K-TRPDs 3.3130(16.92) 2.9738(13.01) 376

Case 3 (%)
TRPDs 3.2524(14.78) 2.9113(10.73) 864
K-TRPDs 3.2524(14.78) 2.9113(10.73) 408

Case 4 (%)
TRPDs 3.0906(9.07) 2.7438(4.36) 1440
K-TRPDs 3.0906(9.07) 2.7438(4.36) 536

Case 5 (%)
TRPDs 2.9905(5.54) 2.6398(0.40) 2016
K-TRPDs 2.9905(5.54) 2.6398(0.40) 664

Figure 9. Schematic of an industrial robot and RV reducer [49, 50].

Table 7. Distributive stats of random variables for RV reducer.

Variables Distribution Mean COV (%) Acf.

d2 Normal 20.5 0.01 NA
b2 Normal 3.90 0.015 NA

T(t) Gaussian process 1686 7 exp
[
−(0.1τ)2

]
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Table 8. Reliability indexes for an industrial robot and RV reducer.

Cases Time/year 1 2 3 4 5 NoF

MCS 2.3523 2.2188 2.0825 1.9415 1.8005 106

Case 1 (%)
TRPDs

2.4554 2.2386 2.1035 1.9991 1.9095
300

(4.38) (0.89) (1.01) (2.97) (6.05)

K-TRPDs
2.4553 2.2385 2.1034 1.9990 1.9094

220
(4.38) (0.89) (1.01) (2.96) (6.05)

Case 2 (%)
TRPDs

2.461 2.2506 2.1226 2.0261 1.8732
360

(4.62) (1.43) (1.93) (4.36) (4.03)

K-TRPDs
2.461 2.2505 2.1225 2.0260 1.8731

228
(4.62) (1.43) (1.92) (4.35) (4.03)

Case 3 (%)
TRPDs

2.4650 2.2591 2.0447 1.9698 1.8440
420

(4.79) (1.82) (1.82) (1.46) (2.42)

K-TRPDs
2.4650 2.2590 2.0447 1.9697 1.8439

236
(4.79) (1.81) (1.81) (1.45) (2.41)

Case 4 (%)
TRPDs

2.4680 2.1457 2.0584 1.9265 1.8199
480

(4.92) (3.29) (1.16) (0.77) (1.08)

K-TRPDs
2.4680 2.1456 2.0583 1.9264 1.8198

244
(4.92) (3.30) (1.16) (0.78) (1.07)

C : g3 = 4X2 −
X2Y1 (t)

4
− X1Y2 (t)

2
− 0.0002t. (78)

Considering the time interval of t= [0,10], the structural
reliability of the hybrid system can be written as



A :

{
∀t ∈ [0,T]|g1 =

X2
1

5
+
X2

2
(1− 0.001t)−X2Y1 (t)−Y2 (t)> 0

}
B :
{
∀t ∈ [0,T]|g2 = 3X1 + 2X2

2 exp(−0.001t)−X1Y1 (t)−X1Y2 (t)> 0
}

C :

{
∀t ∈ [0,T]|g3 = 4X2 −

X2Y1 (t)
4

− X1Y2 (t)
2

− 0.0002t> 0

} , (79)

where g1, g2 and g3 are the three functional functions of struc-
tural units A, B and C, respectively. The relationships among
A, B and C are illustrated in figure 11, in which A is parallel to
B and C. The reliability index is expressed as

Ps (T) = Prob{A∪ [B∩C]} . (80)

For this structural system, X1 and X2 denote random vari-
ables and Y1 (t) and Y2 (t) represent Gaussian processes. The
distributive stats of the variables and processes are tabulated
in table 9.

In this example, the system is a hybrid time-variant reliab-
ility model involving two stochastic processes. Six different
cases (Cases 1–6) are considered, with time steps being set
at 1 year, 2/3 year, 1/2 year, 2/5 year, 1/3 year, and 1/4 year,
respectively. For each case, MCS, TRPD, and K-TRPD meth-
ods are employed to solve the problem. The results are presen-
ted in table 9. The variations of the reliability index and failure
probability over time are depicted in figure 12.

Table 10 suggests that when MCS is applied, the num-
ber of random samples used for analysis is comparable with
those of the TRPD and K-TRPD methods. As illustrated in
figure 12, as the time step decreases, the results from the
TRPD and K-TRPD methods converge towards those from
the MCS method. For large time steps, such as in Case 6,
the maximum deviation between the two methods is as low as
1.70%, both aligning closely with MCS results. For computa-
tional efficiency, table 10 indicates that for the different time
steps in Cases 1–6, the number of functions calls for TRPDs
are 1260, 1890, 2520, 3150, 3780 and 5040 times, and 528,
603, 678, 753, 828 and 978 times for K-TRPDs, respectively.
As the discrete number increases, the TRPD method exhibits
a more significant increase in the number of function calls.
Specifically, from Case 1 to Case 6, the function calls for
TRPDs increases by 3780 times, whereas for K-TRPDs, the
increase is only 450 times. In Case 6, the number of functions
calls for TRPD method is approximately five times that of the
K-TRPD method. This analysis demonstrates that K-TRPD
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Figure 10. Two indexes for an RV reducer over the design lifetime.

Figure 11. Hybrid structure.
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Table 9. Distributive stats of random variables in a mixed-link structural system [37].

Variables Distribution Mean COV (%) Acf.

X1 Lognormal 6 10 NA
X2 Lognormal 5 10 NA
Y1 (t) Gaussian process 4 10 exp

(
−2τ 2)

Y2 (t) Gaussian process 3 10 sin(∥2τ∥)
∥2τ∥

Table 10. Reliability index for a mixed-link structural system.

Cases Time/year 1 2 3 4 5 6 7 8 9 10 NoF

MCS 2.5383 2.4075 2.3226 2.2616 2.2133 2.1701 2.1311 2.0972 2.0665 2.0437 106

Case 1 (%)
TRPDs

2.8260 2.6624 2.5629 2.4927 2.4393 2.3956 2.3588 2.3271 2.2993 2.2743
1260

(11.33) (10.59) (10.35) (10.22) (10.21) (10.39) (10.68) (10.96) (11.27) (11.28)

K-TRPDs
2.8260 2.6624 2.5629 2.4927 2.4393 2.3956 2.3588 2.3271 2.2993 2.2744

528
(11.33) (10.59) (10.35) (10.22) (10.21) (10.39) (10.68) (10.96) (11.27) (11.29)

Case 2 (%)
TRPDs

2.8265 2.5808 2.5111 2.4129 2.3762 2.3163 2.2912 2.2481 2.2293 2.1957
1890

(11.35) (7.20) (8.12) (6.69) (7.36) (6.74) (7.51) (7.20) (7.88) (7.44)

K-TRPDs
2.8265 2.5808 2.5111 2.4129 2.3762 2.3163 2.2912 2.2481 2.2293 2.1957

603
(11.35) (7.20) (8.12) (6.69) (7.36) (6.74) (7.51) (7.20) (7.88) (7.44)

Case 3 (%)
TRPDs

2.6882 2.5302 2.4320 2.3625 2.3092 2.2655 2.2288 2.1972 2.1694 2.1446
2520

(5.91) (5.10) (4.71) (4.46) (4.33) (4.40) (4.58) (4.77) (4.98) (4.94)

K-TRPDs
2.6882 2.5302 2.4320 2.3625 2.3092 2.2655 2.2288 2.1972 2.1694 2.1446

678
(5.91) (5.10) (4.71) (4.46) (4.33) (4.40) (4.58) (4.77) (4.98) (4.94)

Case 4 (%)
TRPDs

2.6982 2.4941 2.4126 2.3259 2.2820 2.2283 2.1983 2.1596 2.1370 2.1067
3150

(6.30) (3.60) (3.87) (2.84) (3.10) (2.68) (3.15) (2.98) (3.41) (3.08)

K-TRPDs
2.6982 2.4941 2.4126 2.3259 2.2820 2.2283 2.1983 2.1596 2.1370 2.1067

753
(6.30) (3.60) (3.87) (2.84) (3.10) (2.68) (3.15) (2.98) (3.41) (3.08)

Case 5 (%)
TRPDs

2.6236 2.4658 2.3671 2.2968 2.2428 2.1987 2.1615 2.1296 2.1015 2.0764
3780

(3.36) (2.42) (1.92) (1.56) (1.33) (1.32) (1.43) (1.54) (1.69) (1.60)

K-TRPDs
2.6236 2.4658 2.3670 2.2968 2.2428 2.1987 2.1615 2.1296 2.1015 2.0764

828
(3.36) (2.42) (1.91) (1.56) (1.33) (1.32) (1.43) (1.54) (1.69) (1.60)

Case 6 (%)
TRPDs

2.5814 2.4227 2.3231 2.2522 2.1976 2.1529 2.1153 2.0831 2.0547 2.0295
5040

(1.70) (0.63) (0.02) (0.42) (0.71) (0.79) (0.74) (0.67) (0.57) (0.69)

K-TRPDs
2.5814 2.4227 2.3231 2.2522 2.1976 2.1529 2.1153 2.0831 2.0547 2.0295

978
(1.70) (0.63) (0.02) (0.42) (0.71) (0.79) (0.74) (0.67) (0.57) (0.69)

method, when integrated with the Kriging model, achieves
improved computational efficiency compared to the TRPD
method.

5. Conclusions

The stochastic process discretization of TRPDs is similar to
MCS in that accuracy increases with the increasing num-
ber of discrete moments. However, as the number of discrete
stochastic processes and time intervals increase, the compu-
tational time increases exponentially. As a result, the number
of discretized stochastic processes has to be kept low, which
is susceptible to instability in reliability results. This study
introduces a novel method for analyzing the reliability of time-
variant systems with multiple failure modes using the Kriging
model. Initially, the reliability analysis for various types of

time-variant systems is converted into a series of single-
failure-mode time-variant reliability problems. The stochastic
process is then discretized to create a set of time-invariant
problems. Discrete moments are selected to solve theMPP and
build a Kriging model. To enhance computational efficiency,
an active learning function is incorporated. The constructed
Kriging model is then used to predict the MPP trajectory for
each failure mode, ultimately yielding reliability for the time-
varying system.

The currently proposed K-TRPD method not only signific-
antly reduces the computational cost of TRPDs by introducing
an active learning Kriging model to select some of the points
that have the greatest impact on the model accuracy, but also
allows for prediction of more unknown MPP points, thereby
enhancing the stability of reliability and improving compu-
tational accuracy. Tests are conducted on three different sys-
tems including series, parallel, and hybrid systems to verify the
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Figure 12. Two indexes for a hybrid structural system over the design lifetime.

proficiency of the currently proposed method. Comparisons
of results demonstrate that the currently proposed method is
a highly promising alternative for analyzing the reliability of
time-varying systems.

A note of attention is that the currently proposed method
does not account for the potential complex correlation among
different failure modes. In practical structural systems, differ-
ent components may be subjected to common loads, dimen-
sional parameters, and materials, which gives rise to correla-
tions between different failure modes. These correlations may
impact the results of structural reliability analysis, highlight-
ing an important direction for our future efforts..
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